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Abstract 

We study the Luttinger-Schwinger model, i.e. the (1+1) dimensional model of mass- 
less Dirac fermions with a non-local 4~point interaction coupled to a U(l)-gauge field. 
We work within the Hamiltonian framework on the cylinder, and construct the field 
operators and observables as well-defined operators on the physical Hilbert space. The 
complete solution of the model is found using the boson-fermion correspondence, and 
the formalism for calculating all gauge invariant Green functions is provided. We dis- 
cuss the role of anomalies and show how the existence of large gauge transformations 
implies a fermion condensate in all physical states. The meaning of regularization and 
renormalization in our well-defined Hilbert space setting is discussed. We illustrate the 
latter by performing the limit to the Thirring-Schwinger model where the interaction 
becomes local. 
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1 Introduction 



Since the early days of quantum field theory (QFT) 1+1 dimensional models have attracted 
much attention. They have been extremely valuable to develop general ideas and intuition 
about the structure of QFT. The eldest and perhaps most popular of these 1+1 D models 
bear the names of Thirring [ffl] - Dirac fermions interacting with a local current-current 
interaction - and Schwinger Q - quantum electrodynamics with fermions. The models 
originated in particle physics and therefore, in order to have Lorentz invariance, were con- 
sidered mainly on infinite space R (see e.g. |3|, ^ and references therein). Then one has 
to deal with infrared (infinite space volume) divergences in addition to singularities coming 
from the ultraviolet (short distances). In case the fermions are massless, both models are 
soluble |, |, § and a very detailed picture of their properties can be obtained. Another 
related model originated from solid state physics and is due to Luttinger Q - massless 
Dirac fermions on spacetime 5^ x M interacting with a non-local current-current interaction 
(Lorentz invariance is nothing natural to ask for in solid state physics). The Luttinger 
model shows that an interacting fermion system in one space dimension need not behave 
qualitatively similar to free fermions but rather has properties similar to a boson system. 
Such behaviour is generic for 1+1 D interacting fermion models and is denoted as Luttinger 
liquid in solid state physics, in contrast to Landau liquids common in 3+1 D. 

To consider the Luttinger model on compact space has the enormous technical advantage 
that infra red (IR) problems are absent, and one can concentrate on the short distance (UV) 
properties which are rather simple due to the non-locality of the interaction. In fact, this 
allows a construction of the interacting model on the Fock space of free fermions |l^, 11 ] 
and one directly can make use of mathematical results from the representation theory of the 
affine Kac-Moody algebras. Such an approach was recently given for QCD with massless 
fermions ||l^ . As shown by Manton |^] , the Schwinger model on compact space allows a 
complete understanding of the UV divergences and anomalies and their intriguing interplay 
with gauge invariance and vacuum structure. 

In the present paper we study the extension of the Luttinger model obtained by coupling 
it to a dynamical electromagnetic field. For vanishing Luttinger (4-point) interaction our 
model therefore reduces to the Schwinger model as studied by Manton [^], and for vanishing 
electric charge to the Luttinger model Since our approach is in Minkowski space and 
provides a direct construction of the field- and observable algebras of the model on a 
physical Hilbert space, it is conceptually quite different from the path integral approach, 
and we believe it adds to the physical understanding of these models. 

The plan of the paper is as follows. In Section 2 the construction of the model is given. 
To fix notation, we first summarize the classical Hamiltonian formalism. We then construct 
the physical Hilbert space and discuss the non-trivial implications of anomalies (Schwinger 
terms) and gauge invariance. In Section 3 the model is solved by bosonization, and a 
method for calculating all Green functions is explained. As an example the equal time 2- 
point functions are given. In Section 4 we comment on regularization and renormalization 
in our setting. We discuss the limit to the Thirring-Schwinger model where the 4-point 
interaction becomes local and space infinite. We end with a short summary in Section 5. A 
summary of the mathematical results needed and some details of calculations are deferred 
to the appendix. 
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2 Constructing the model 
2.1 Notation 

Spacetime is the cyHnder with x = x"^ ^ K = [— L/2,L/2] the spatial coordinate and 
t = x^ EM. time. We have one Dirac Fermion field tl^aix) and one Photon field A,^{x) (here 
and in the following, a, a' G {+, — } are spin indices, iJ,,i^ £ {0)1} are spacetime indices, 
and X = {t,x),y = {t',y) are spacetime arguments). 

The action defining the Luttinger-Schwinger model isQ" 

S = J(fx (^-^F^,{x)F'''^{x) + i^{x)Y (-15. + eA,{x)) i;{x)^ 

-Jd^xJ cPyj^,{x)v{x - y)f{y) (1) 

where F^y = d^Ay — d^A^ and = (7^^)0-0-/ are Dirac matrices which we take as 7*^ = ai 
and 7"*^ = icJ2, and 75 = —7*^7"'^ = cr^ {ai are Pauli spin matrices). As usual, the fermion 
currents are j^, = ip^yil), and we assume the 4-point interaction to be instantaneous (local 
in time) 

v{x-y) = 6{t-t')V{x-y) (2) 

where the interaction potential is parity invariant, V{x) = V{—x). As in case of the 
Luttinger model we will also have to assume that this potential is not 'too strong', or 
more precisely that the Fourier coefficients 

Wk = ^ [ dx V{x)e-"'^ = W.k = Wt, fc^ G Z (3a) 

of the potential obey the conditions 

- 1 -^<Wk<l yk and l^^fcl < °°- (3b) 

TTrv 



From the action (|l|) we obtain the canonical momenta n^p(^.) ~ 0, 11^^ = Foi{x) = 
E{x) etc. (here and in the following, we set t = and make explicit the dependence on the 
spatial coordinate only) resulting in the Hamiltonian {il)* = ip^^) 

H = j dx Qs(x)^ + V*(a:)75 (-i9i + eAi(x)) V(a:)^ + 4^ dxdy {x)V {x - y) p~ {y) , (4) 
and the Gauss' law 

G{x) = -diE{x) +ep{x) -^Q. (5) 
We introduced chiral fermion currents 

p^{x) = r{x)\{i±iMx) (6) 

so that fermion charge- and momentum density p = and j = can be written as 

p{x) = p+(x)+/)~(x) 

j(x) = /)+(x) - /)~(x). (7) 



^unless otherwise stated, repeated indices are summed over throughout the paper 
■^9,^ = d/dx"\ our metric tensor is g^^, = diag{l, —1) 
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2.2 Observables 



The observables of the model are all gauge invariant operators. They leave invariant phys- 
ical states. The ground state expectation values of these operators are the Green functions 
we are interested in. For later reference we write down the action of static gauge transfor- 
mations i.e. differentiable maps A — > U(l),x i— > e'"'^^^ 

Mx) ^ Mx)-l^ (8) 

E{x) E{x) . 

These obviously leave our Hamiltonian and Gauss' law invariant. We note that every 
gauge transformation can be decomposed into a small and a large gauge transformation, 

a{x) = asmaiiix) + aiargeix), where 

) = (n G Z), asmall f-^) = Olsmall f ^) (9) 



with n = °'(^/'^')~^(~^/'^) _ The large gauge transformations correspond to ni(5'"'^) = Z and 
play an important role in the following, as expected from general arguments [|l4|. It is 
important to note that Gauss' law (||) requires physical states only to be invariant under 
small (but not under large) gauge transformations. 

All gauge invariant objects which one can construct from Ai{x) (at fixed time) are 
functions of 

1 



Y = — dyAiiy). (10) 
^vr J A 

In fact, Y above is only invariant with respect to small gauge transformations and changes 
by multiples of 1/e under the large ones. Thus the quantity which is invariant under all 
gauge transformations is e''^'^'^^ which is equal to the Wilson line (holonomy) 

W[Ai]=e''lA'^^'^^^y\ (11) 

The fermion fields are not gauge invariant, but by attaching parallel transporters to them 
one obtains field operators 

X^{x) = e''Ir'^y^'^yU^{x), re A (12) 

which obviously are invariant under all (small and large) gauge transformations (^ with 
a{r) = 0; r is a spatial point which we can choose arbitrarily. Note that these fields also 
obey CAR but are not antiperiodic: they obey Xcr{L/2) = —W[Ai]xa{—L/2) where 
is the Wilson line above. Bilinears of these operators are the meson operators 

Ma^>{x,y) = x*a{x)Xa'{y) ■ 

These are invariant under all static gauge transformations and thus can be used as building 
blocks of the Green functions we are interested in. 
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2.3 The quantum model 

In the following we find it convenient to work in Fourier space. We introduce the following 
useful notation. Fourier space for even (periodic) functions is 



A* 









n G z| 





(13a) 



As we use fermions with odd (anti-periodic) boundary conditions we also need 

Kdd=[k='^{n+^^ riGZy (13b) 
For functions / on Fourier space we write 

and similarly for A*^^ (we will use the same symbols 6 and d also in the latter case). Then 
the appropriate <5-function satisfying Jj^,dq6{k — q)f{q) = f{k) is 6{k — q) = ^Sk^q- 
For the Fourier transformed operators we use the following conventions, 

^M) = I ^^.(x)e-'''^ = ^AqT (q 6 a:,,) (14a) 

J A V27r 

(as mentioned, we use anti-periodic boundary conditions for the fermions), 

ii(A;)= / pAi{x)e-"'^ {k e A*) (14b) 

and in the other cases 

Y{k) = f dxY{x)e-''''' (fee A*) for Y = E,p^,p,j,V (14c) 
Ja 



Following |l^ we also find it convenient to introduce Wk = V{k)/8ir (cf. (paD). With that 
the non-trivial C(A)CR in Fourier space are 

[Aiip),Eik)] = iSik + p) 
{MQ),i'*a'{q)} = 5,J{q-q'). (15) 

The essential physical requirement determining the construction of the model and imply- 
ing a non-trivial quantum structure is positivity of the Hamiltonian on the physical Hilbert 
space. It is well-known that it forces one to use a non-trivial representation of the field 
operators of the model. The essential simplification in (1+1) (and not possible in higher) 
dimensions is that one can use a quasi-free representation for the fermion field operators 
corresponding to "filling up the Dirac sea" associated with the free fermion Hamiltonian, 
and for the photon operators one can use a naive boson representation. This will be verified 
for our model for the class of potentials V obeying (^,b). 

So the full Hilbert space of the model is W = Wphoton ® ^Fermion- For Wphoton we take 
the boson Fock space generated by boson field operators h*{k) obeying CCR 

[h{k),h*{p)]=5{k- q) etc. (16a) 
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and a vacuum^ Qp such that 

b{k)np = yke A*. (16b) 

We then set 

A^{k) = -{b{k) + b*{k)) E{k) = -'4{b{k)-b*{k)) (17a) 
s 2 

where = vre^ (the reason for choosing this factor s wiU become clear later). We will use 
below normal ordering x • • • x of bilinears in the Photon field operators with respect to the 
vacuum 17p, for example x b{k)b*{p) x= b*{p)b{k). 

For WFermion we take the Fermion Fock space with vacuum ilp such that 

^(l±75)V^(±g)r!F = ^{lTl5)riTq)^F = yq>0. (18) 

The presence of the Dirac sea requires normal-ordering : • • • : of the Fermion bilinears 
such as i^o = /a* ■ Q i^* i'l)l5i^{Q) '■ ^-iid p± (§). This modifies their naive commutator 

odd 



relations following from the CAR as Schwinger terms show up 16, 17]. In our case, the 
relevant commutators are: 

[p^ik),p^{p)] = ±k5ik+p), 

[p±(A;),p^(p)] = 0, (19) 
[Ho,p^m = ±kp^{k). 

We note that 

p+ {k)9.p = p-~ {-k)VLp = Q \/k>0 (20) 

which together with (|l9|) shows that the p'^{k) (resp. p^{k)) give a highest (resp. lowest) 
weight representation of the Heisenberg algebra. 

We can now write the Gauss' law operators in Fourier space as 

G{k) = -ikE{k) + ep{k), (21) 

so eqs. ( p^ ) imply 

[G{k),p^{p)]=±ked{k + p). 

Due to the presence of the Schwinger terms, these Fermion currents no longer commute 
with the Gauss' law generators, hence they are not gauge invariant and no observables of 
the model. 

To obtain Fermion currents obeying the classical relations (without Schwinger terms), 
we note that [G{k), Ai{p)] = k6{k + p), hence the operators 

p^{k) = p^{k)±eAi{k) (22) 

commute with the Gauss law generators and are thus the observables of the model corre- 
sponding to the chiral Fermion currents on the quantum level. Recalling the normalization 
is only unique up to finite terms, it is natural to regard the p^{k) as the fermion currents 

^Note that the term "vacuum" here and in the following does not mean that this state has anything to 
do with the ground state of the model; it is just one convenient state from which all other states in the 
Hilbert space can be generated by applying the field operators. 
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obtained by a gauge covariant normal ordering preserving the classical transformation prop- 
erties under gauge transformations. Indeed, these currents can be shown to be identical to 
those obtained by the gauge invariant point splitting method. 
Similarly, the naive Hamiltonian H = Hi + H2, 

= Hq+ [ dkx(^E(k)E(-k) + eAi(k)j(-k) 
J A- V47r 

H2 = f dkp+ik)Wkp-i-k) 

J A* 

is not gauge invariant: Hi - which is the naive Hamiltonian of the Schwinger model - obeys 

[G{k),Hi] = 2ke^Ai{k) 
and therefore becomes gauge invariant only after adding a photon mass term [^] 

dk e^Ai{k)Ai{-k) 

A* 

(note that in position space this mass term has the usual form |^ jp^dxAi{x)'^ , i.e. the 
photon mass-squared is e^/vr). Also the Luttinger-interaction term H2 becomes gauge 
invariant only if one replaces the non-gauge invariant currents pr^ by the gauge invariant 
p^ ones. 

Thus we obtain the gauge invariant Hamiltonian of the Luttinger-Schwinger model as 
follows, 

H = Hq+ [ dkx(^E{k)E{-k)+eAi{k)j{-k)+e^Ai{k)Ai{-k) 
J A* V47r 

+ [p+ik) + eAi{k)] Wk [p-(-fc) -eii(-fe)]^ L (23) 



We can now explain the choice (17a,b) for the representation of the Photon field: the fac- 



tor s is determined such that the free Photon Hamiltonian is equal to Jj^t.dky^ b*{k)b{k). 
2.4 Bosonization 

Kronig's identity^ allows us to rewrite the free Hamiltonian as Hq = ^/^*d/c i {p~^{k)p^{—k) 
+ p~ {k) p^ {—k)) X (cf. Appendix A for the precise definition of normal ordering; for simplic- 
ity of notation we do not distinguish the normal ordering symbol for the photon fields and 
the fermion currents). With that, it follows from eq. (p^ that 



H = J^dk i Q {p+ik)p+{-k) + p-{k)p-{-k)) + ^E{k)E{-k) + p+{k)Wtp'{-k)^ i 

(24) 

which is now explicitly gauge invariant. 



*in the modern literature this is often referred to as (special case of the) Sugawara construction 
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3 Solution of the model 
3.1 Gauge Fixing 

The only gauge invariant degree of freedom of the Photon field at fixed time is the holonomy 
Jj^dxAi{x) and one can gauge away all Fourier modes Ai{k) of the gauge field except the 
one for A; = 0. Thus we can impose the gauge condition 

Aiik) = 5k,oY, Aiix) = —Y (25) 

and solve the Gauss' law G{k) ~ (cf. eq. (pl|)) as 



E{k) ~ for k^O. (26) 

ik 

This determines all components of E except those conjugate to Y: E(0) = ■^^§y- After 
that we are left with the {k = 0)-component of Gauss' law, viz. 

eQo c^O, Qo = m = (0) + r (0) . (27) 

Inserting this into (|2j), gives the Hamiltonian of the model on the physical Hilbert space 
"Hphys = £^(1R, dy) $3 Wppj.j^jQ^ (where Wpermion ^^'^o charge sector of the fermionic 

Fock space): 

^ = -^2^ + 1 ((/^^(O) + + (/5"(0) -^Yf + (P^(0) + eY) 2W, (0) - eY)) + 
3.2 Diagonalization of the Hamiltonian 



Following 1 10 1 we now write 

O77- 

H = —J2hk. (29) 



^ fc>0 



Introducing boson creation- and annihilation operators 

=p~^{k) for I 
=p-ik) forfc<0 



-^p+{k) for > 



\k\' 

obeying usual CCR 

[c{k),c*{p)] = 6{k-p) etc.. (30b) 

We then get for /ife>o 

hk=(^k + {c*{k)c{k) + c*{-k)c{-k)) + (^kWk + {c*{k)c*{-k) + c(k)c{-k)) . 

(30c) 
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For A; = we introduce the quantum mechanical variables 

P : 

X = i 



(/)+(0)-r(0) + 2ey) 
L 1 d 



(31a) 



obeying Heisenberg relations, [P,X] = —\L/2it, which allow us to write ho as Hamiltonian 
of a harmonic oscillator, 



ho = -X' + i(l - Wo) P2 + ^(1 + Wo) Ql 

TT 



1 

4^ 



1 

4' 



1 h^L_ 

2 V TT 27r 



(31b) 



(the last term stems from normal ordering x • • • x and is irrelevant for the following). 

Wc can now solve the model by diagonalizing its decoupled Fourier modes hk separately, 
with the help of a boson Bogoliubov transformation preserving the CCR, 



C{k) = cosh(Afe)c(A;) + sinh(Afe)c*(-A;) 
where Aj^ = A_jfc. This leads to 



hk = uk {C*{k)C{k) + C*i-k)C{-k)) - 2r]k — 

ZTT 



if we choose 



Then 



tanh(2Afe) 



2TTk^Wk + 
27rfe2 + e2 

^2 



and 



u;i = k\l-W^) + -il-Wk) 

TT 



2Tr\k\ 

The zero-momentum piece ho is just a harmonic oscillator and can be written as 
ho = a;oC*(0)C(0) + ]{! + Wo) Ql - 

4 ZTT 



with 

energy-squared 

and zero point energy 



C(0) = ^(rX + hp\ , 



V2\ 



4 

TT 1 - Wo ' 



ujI = -{1-Wo) 

TT 



1 



TT 



-(1 -Wo)\. 



Thus we get the Hamiltonian in the following form 

H = [ dkLOkC*{k)C{k) - LEo 

J A* 



(32) 

(33a) 

(33b) 

(33c) 
(33d) 

(34a) 
(34b) 
(34c) 
(34d) 

(35a) 
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with the ground state energy density given by 

Eo = ^[ dki]k- (35b) 
2ttJ a* 

(Note that for large \k\, % = ^ (^l^l^f I + 2!^^^) (l + ^ (m)) ' ■'^^'^^^ -^0 finite due 
to our assumptions (^) on the potential.) 

We now construct the unitary operator U implementing the BogoHubov transformation 
dH), i.e. 

C{k)=Uc{k)U* yk£A*. (36) 
It is easy to see that operators satisfying C{±k) = Ukc{^k)U^ for all A; > are given 

by 

Uk = e^\ Sk = Xk {c{k)c{-k) - c*{k)c*{-k)) (37a) 
which are unitary since the operators Sk are screw-hermitian.0 Thus, 

U = e^, S=J2 Sk- (37b) 

fc>0 

This operator S can be shown to exist and defines an anti-selfadjoint operator if and only 
if 

Y.\k\\Xk\^<^, (37c) 

fc>0 

and therefore ( |37c) ) is necessary and sufficient for the unitary operator U to exist. This 
latter condition is equivalent to the second one in (|3b|) and thus fulfilled by assumption. 
Note that 

U*HU = ^/lo + ^ E f^fc {c*{k)c{k) + c*{-k)c{-k)) - 2r,k^) = Hd (38) 

and therefore lA is the unitary operator diagonalizing the non-zero modes of our Hamilto- 
nian. 



3.3 Gauge invariant states 

By the gauge fixing above we reduced the Hilbert space from H, to Wpj^yg containing all states 
invariant under small gauge transformations, i.e. of the form e'"^^) with a{L/2) = a(— L/2). 
There are, however, still large gauge transformations present which are generated by e'^'^^/^. 
It is important to note that physical states need not be invariant under these latter trans- 
formations, but it is useful to construct states with simple transformation properties. This 
is the origin of the 0-vacuum. 

The large gauge transformation q^'^'^^/^ acts on the fields as follows 

eY 4 eY-l (39) 

where R± are the implementers of e'^'^^/^ in the chiral sectors of the fermions and are 
discussed in detail in Appendix A. The large gauge transformation R obviously generates 

^i.e. \Sk is selfadjoint 
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a group Z, n ^ R"', and we denote this group as Z/j. Our aim is to construct the states in 
"^phys which carry an irreducible representation of Z/j and especially the ground states of 
our model. 

We start with recalling that the Fermion Fock space can be decomposed in sectors of 
different chiral charges /5^(0), 

^Fermion = T~i^ ^' ^ 

where 

(for a more detailed discussion see Appendix A). Thus, 

Wphys = C\R,dY)0 ^Fermion (40) 

where 

WF™n = 0W^"'-"\ = (i?+i2-)"W(°'°) (41) 

is the zero charge subspace of the Fermion Fock space and we use the Schrodinger rep- 
resentation for the physical degree of freedom Y = Jj^dxAi{x)/2iT of the photon field as 
discussed in the last subsection. Hphys can therefore be spanned by states 

^{n) = ip{Y + f )(i?+i?_)"^, if G C^{R, dY), ^' G (42a) 

which, under a large gauge transformation (|39|), transform as 



^-(71) 4 ^-(11- 1). (42b) 
Thus the states transforming under an irreducible representation of Z/j are given by 

= Y, e'^"^(n) 4 e^^^''^ (43) 

nGZ 

It is easy to calculate the inner products of these states, 

< 1-?, >= 21162^0 - e') < ^i, ^2 >F (V^l, ^2)£2 (44) 

(27:62^0) = Eneze'"', since < (i2+i?_)"^'i, (i2+i?_)™*2 >= 6n,m < ^1,^2 >f; < t >f 
and < •,• >£2 are the inner products in Wpermion and £^(M, dY), respectively). Thus the 
states actually are not elements in Tiphys (they do not have a finite norm). 

In our calculation of Green functions below we find it useful to use the notation 

< >e=< ^-1, ^-2 >F (v^i, ^2)£2 (45) 

which can be regarded as redefinition of the inner product using a simple multiplicative 
regularization (dropping the infinite term 27r(527r(0)). 

We now construct the ground states of our model. As expected, the quantum mechan- 
ical variables P,X ( 31a ) describing the zero mode /iq of the Hamiltonian have a simple 
representation on the 6'-states (|^), 

P^o = J2 e'^"2e(y + ^MY + f )(i?+i?_)"^' , 
X^o ^ ^ ^iOn^^L_^^^^ ^ ri){R^R_)-m. (46) 
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Thus the ground states of /iq annihilated by C(0) are of the form ( |42a| ) with 

^o(y) = (^)%xp(-a(2ey)^) (47) 

where a = j^\J — Wq)^ and the other eigenstates are the harmonic oscillator eigen- 
functions (fn tx C*(0)"(/3o- From C{k) = Uc{k)U* and c{k)^lp = it is clear that the 
ground state of all /ijt>o isUHf. We conclude that the ground states of our model obeying 
H^Q = LEq^q are given by 

^'o = Y. e''>o(l^ + ^){R+R-runF. (48) 



3.4 Gauge invariant Green functions 

The observables of our model now are operators on Hphys where Jj^dxAi{x) is represented 
by IttY. We recall that the fully gauge invariant field operators are the Xi (12), which are 
represented in the present gauge fixed setting by 

X<x(:c) = e'2-^(^-^'-)/^V'<x(:c). 

These operators depend on the r G A chosen. Bilinears such as meson operators are, how- 
ever, independent of r and give rise to translational invariant equal time Green functions. 
Moreover, on the quantum level not only the Wilson line (11) but actually even 

e / dxAiix) + = w[Ai] (49) 
J A 

is gauge invariant (note that W[j4i] = e™'"^!'). This operator is represented by eY + ^Q^ = 
P/2 (cf. dg)). 

The gauge invariant equal time Green functions of the model are the ground state 
expectation values of products (• • •) of meson operators and functionals F[P, X] of the zero 
mode operators P, X. Since we only consider (• • •) which are also invariant under large 
gauge transformations, the transition amplitudes (^^i, (• • •)^2 ) always proportional to 
2'k5{6 — 9'). Thus the Green functions we consider can be defined as 

{^l F[P, X] xl, (xi)Xn (yi) • • • Xl, {xN)Xr^ {vnX) ^ (50) 



(note that ^*^,M/g)^ = l, cf. (||)). 

Following 1 10 1 it is useful to define interacting fermion fields 

■^„{x)=U*i;„{x)U (51a) 

such that (^) becomes 

Eq. (50) = {^\F[P,X]%^{xi)^rAyi)---K^{xN)'^rAvN)^'') (51b) 

where 

n' = Y, e''^ipo{Y + f )(i?+i?_)"OF (51c) 
nez 



12 



is the 0"State constructed from the free fermion vacuum. 

The strategy to calculate Green functions of the model using bosonization techniques 
is the following: the relation ( [A^ ) of appendix A can be used to move the operators R± 
and combine them to some power of The operators Q± when applied to physical 

states become simple C-numbers: (5±(-R+-R-)" = (i?-|-i?_)"(±n+(5±) for all integers n, and 
Q±Qf = 0. For the exponentials of boson operators we use the decomposition into creation 
and annihilation parts outlined in A. 4. The normal ordering procedure gives a product of 
exponentials of commutators which are (C-number) functions. For the correlation functions 
of meson operators X%{^)X(t' iv) we obtain: 



<X*±{x)x±{y)<)^ = e-ii-(--J^) e^(--J^)5o^(x-y), (52a) 
^'o,xUx)XT{y)0 = e^'V^^(^-^)e-i^«^-^)+^)'c(L)e^(^-^). (52b) 



with 

^ = ETrsinh'(^'^)[e''" + e"''"-2], 
^(^) = -E;^«inM2Afc)[e^'=" + e-'^^-2], (53) 

fe>0 
1 27r 

C(L) = -exp[ETT(sinM2Afc)-2sinh2(Afc))]. 

fc>0 

where (x) = ^.^^ is the 2-point function of free fermions, and the Schwinger 

mass is renormalized to = ^(^I^q) • 

Note that the Green function ( |52b[) depends on 6 and is non-zero due to chiral symmetry 
breaking as in the Schwinger model. As expected, for vanishing electromagnetic coupling, 
e = 0, this Green function vanishes (due to the factor q-'^/^^ appearing in ( ^2bD ). 

From ( |52b| ) we can calculate the chiral condensate by setting x = y, and in the limit 
L — > oo we obtain 

hm {Kx*±{x)XTixX)^ = lim e^^V^C(L) = e^^'C (54) 

_L— >oo \ ' a _L— ►oo 



with a constant C which can be calculated in principle from eq. (pS]). In the special case of 
the Schwinger model (Wk = 0), C can be computed and we recover the well-known result 
Cvi/fc=o = where 7 = 0.577. . . is Eulers constant (see e.g. [|^, p^). 



4 Multiplicative regularization and the Thirring- Schwinger 
model 

We recall that the Thirring model is formally obtained from the Luttinger model in the 
limits 

L^oo, V{x) g5{x) (55) 

i.e. when the interaction becomes local and space becomes infinite. The first limit amounts 
to remove the IR cut-off of our model. By inspection it can be easily done in all Green 
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functions. The second limit in (55) is non-trivial: we recall, that condition ( |3b| ) on the 
Luttinger potential requires sufficient decay of the Fourier modes Wk of the interaction, 
and this is violated in the Thirring model where = Wq is independent of k. This latter 
condition was necessary for the interacting model to be well-defined on the Hilbert space 
of the non-interacting model. 

A better understanding can be obtained by explicitly performing the limit ( |55| ) in the 
present setting. The idea is to find a family of Luttinger potentials {V£{x)}i^q becoming 
local for ^ i 0, i.e. for all £ > the condition ( pb| ) is fulfilled and lim^jo Viix) = g5{x). Then 
for all £ > everything is well-defined on the free Hilbert space and one can work out in 
detail how to regularize such that the correlation functions make sense for £ | 0. 

We note that a direct construction of the Thirring model in a framework similar to the 
one here has been completed in This construction seems to be, however, different from 
the one outlined below. 

For the case of Luttinger-Schwinger model we split the function A(x) into a part corre- 
sponding to the pure Luttinger model and a part which describes the additional Schwinger 
coupling, i. e. A(x) = {A{x) - A^=°(x)) + A^=°(x). 

The limit = Wq = const, exists for A — A^^'^. As L ^ oo, the sum in ( |53| ) turns 
into an integral and we obtain 

The first integral becomes K^dfixl) + In -|- 7 and the expression in the last line is a 
second integral (n = 2) of Kq defined iteratively by Kin(x) = /^Ki„_i(i) dt, Kig = Kq pO| ]. 
Moreover we introduced a new mass by = eV(vr(l + Wq)). Note that the singularities 
at the origin of the Bessel function are removed by the additional terms, consistent with 
A(0) = 0. 

No regularization has been necessary so far. Renormalization comes along with A'^^'^. 
We choose a Luttinger-interaction such that (1 — W^)~^^'^ — 1 = 2o?e~^^ where I defines 
the range of the interaction. For this choice we find 



X + i£ 



(57) 



and obviously the Thirring limit makes sense only if one removes the singular part In^ 
which can be done by a wave function renormalization of the form 

X±ix)^X±ix) = Z'/''ia,i)x±{x) with Z^/\a,i)=r''\ (58) 

A similar discussion holds for the chirality mixing correlation function. The 2-point function 
of the Thirring- Schwinger model therefore become 

{KxUx)x±mo)9 = e^-^^-^g^ix), (59a) 
*g,xi(x)xT(0)^o), = e^^^C,ege^-(-). (59b) 
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If we define tq by tanh(2ro) = Wq we can write 



Dreg (^) 



InCn 



cosh(2ro) 
1 



Koi\fix\)+ln 



\^x\ 



+ 7 



+ 



p2T0 



1 - 2l/^^l -Ki2(|Ata;|) 



+ (cosh(2To) — 1) In |x| , 



- sinh(2To) 



Koi\fix\)+ln 



|/iX| 



+ 7 



(60) 



1 



.2to 



1 - 2l/^^l -Ki2(|Ata;|) 



7 + In — + e-2""« In - . 
' 2tt 2 



We cliecked that all Green functions of the Thirring-Schwinger model have a well-defined 
limit after the wave function renormalization. 

We would like to stress that this procedure can be naturally interpreted as low-energy 
limit of the Luttinger-Schwinger model: if one is interested only in Green functions describ- 
ing correlations of far-apart fermions, the precise form of the Luttinger interaction V{x) 
should be irrelevant and only the total interaction strength g = J dx V{x) should matter. 
Thus as far as these correlators are concerned, they should be equal to the ones of the 
Thirring model corresponding to this coupling g. 



5 Conclusion 

We formulated and solved the Luttinger-Schwinger model in the Hamiltonian formalism. 
Structural issues like gauge invariance, the role of anomalies and the structure of the phys- 
ical states were discussed in detail. The necessary tools for computing all equal time 
correlation functions were prepared and illustrated by calculating the 2-point Green func- 
tions. Prom this the chiral condensate and critical exponents were computed. We could 
also clarify how the non trivial short distance behavior of the Thirring-Schwinger model 
arises in a limit from the Luttinger-Schwinger model. 



Appendix A: Bosons from fermions and vice versa 

In this appendix we summarize the basics for the bosonization used in the main text to 
solve the Luttinger-Schwinger model. Bosonization is known in the physics literature since 
quite some time ([jl6|, 22, for a discussion of the older history see pO[]). 

We consider the fermion Fock space Wpermion generated by the fermion field operators 
from the vacuum as described in the main text. We note that 'Hpermion = W+ Ti^ 
where Ti.± are generated by the left- and right-handed chiral components V'+ and ip- of our 
Dirac fermions. Bosonization can be formulated for the chiral components tp± separately 
as it leaves the two chiral sectors Ti.± completely decoupled. For our purpose it is more 
convenient to treat both chiral sectors together. 
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A.l Structure of fermion Fock space 



We start by introducing two unitary operators R±- which are defined up to an irrelevant 
phase factor (which we wih leave unspecified) by the following equations, 

27r 

tP±{k)R± = R±^l^±{k - —) (Al) 
and R± commutes with ipz^. A proof of existence and an explicit construction of these 



operators can be found in |24|. Here we just summarize their physical meaning and special 
properties. 

It is easy to see that R± are just the implementors of Bogoliubov transformations 
given by the large gauge transformations ip±{x) e^'^'^^^^ip±{x) and ^^(3;) 1— > 
hence R+R- and R+RZ^ implement the vector- and the axial large gauge transformations 
gi27rx/L g^^^ gi7527ra;/L^ respectively. These have non-trivial winding number^ and change the 
vacuum Op to states containing (anti-) particles. The latter follows from the commutator 
relations with the chiral fermion currents 

{R±r'p^(.k)R± = p^{k) ± 6k,o ■ (A2) 

The essential point of bosonization is that the total Hilbert space ^Fermion can be 
generated from J7f by the chiral fermion currents p^{k) and R±. More precisely, for all 
pairs of integers n+, n_ £ Z we introduce the subspaces of Wpermion containing all 

linear combinations of vectors 



p+{ki) ■ • • p+{km^)p-{qi) ■ ■ ■ rikmJRTRZ'^'^F (A3) 

where m± S No and ki^qi G A* . The basic result of the boson-fermion correspondence is 
the following 

Lemma: The space 

V= (A4) 

71-1- ,n_ SZ 

is dense in Wpermion (for a proof see e.g. p^). 

Remark: This Lemma gives the following picture of the structure of the Fock space 
"^Fermion: It Splits iuto super Selection sectors (which are the closure of !?("+'"-)) 

containing the eigenstates of the chiral charges Q± with eigenvalues n±. The fermion 
currents p^{k) leave all these sectors invariant, and the operators R± intertwine different 

sectors, R+ : ?^("+'"-) ^ 7^{n++l,n_) ^^^^ ^_ . ^{n+,n_) ^ -^(n+,n_-l)_ 

A. 2 Kronig's identity 

The basic formula underlying the solution of our model is 

Ho = l {qI + Ql) + ^ E {P''i-k)p^ik) + p-(k)p-i-k)) . (A5) 

fe>0 

It expresses the free Dirac Hamiltonian in terms of bilinears of the chiral fermion currents. 
^ the w.n. of a smooth gauge transformation A U(l), x e'"'^' is the integer {ct{L) — a(0)). 
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A. 3 Boson— fermion correspondence 

The boson-fermion correspondence provides explicit formulas of the fermion operators 
ip±{x) in terms of operators p^{k) and R±, 

V'±(x) = \\mil)±{x;e) (A6a) 

e\0 

(this limit can e.g. be understood in the weak sense for states in P), where 

il^±{x-e) = -^S±{x) : exp{K±{x;e)) : (A6b) 

with 

and _l_ 

K^{x;e) = T^ ^ ^^e-'^^^e-'^l = e)*. (A6d) 
^ fceA*\{0} 

More explicitly, the normal ordering : • • • : is with respect to the fermion vacuum fip (cf- 
®), 

: exp(i^±(x;e)) : = exp(is:£^^(x; e)) exp(i^£+^(a;; e)) (A7a) 



where 



i^W(;^;e)=^^^^^(±^e±-*^-e-^l'=l a = +,- (A7b) 



k>0 



is such that K± = Ki^ + and i^i+^Op = (cf. (I 



A. 4 Interacting fermions 



Prom the definition of the interacting fermion fields ^(x) ( 51a ) and the representation of 
free fermions in terms of bosons, we are led to investigate the interacting kernel K±{x) = 
U*K±{x)U: 

K±{x) = E Z (cosh(Afc) p^{-k) - sinh(Afc) f>^{-k)) e'^'^^e-^l'^l . 

^ feGA*\{0} 

It is convenient to write 

k± = i<-£+) + i^£-) , ^i'^) = i^4") - Ks%^ (A8a) 

where the upper index refers to the creation- (cr = — ) and annihilation- (cr = +) parts of 
operators and 



Kct\x) = aE7TCOsh(Afc)/5±(±aA:)eT"''=^e-^^ 



2tt 



k>0 



Lk 



Ks^l\x) = a V^sinh(Afc)/5±(±aA:)e^'^''=^e-^^ (A8b) 



k>0 
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The nonzero commutators of these operators are 

= -^|jcosh2(A,)e^''=(--^)^-2^*^ 



fc>0 

[Kc^^\x),Ks'^^\y)] = -^-^smh(2Afc)e^i'=(--^)e-2^^ (A9) 

A;>0 



[Ks^^\x),Ks^^\y)] = -^llsmh2(Afc)eT'^Me-2^^ 

ik>o ^'^ 



We find the following normal ordered expression for the interacting fermions 

^±{x) = -^zS±{x) : e^±(^) : (AlO) 

where z = e~^k>oTk^''^^''(-^k) _ 
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